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Heterogeneous and Homogeneous

Reactions in a Tubular Reactor

R. L. SOLOMON and J. L. HUDSON

University of lllinois, Urbana, lllinois

Irreversible, first-order, simultaneous heterogeneous and homogeneous reactions in an iso-
thermal tubular reactor under lominar flow conditions are studied. Accurate values of the
eigenvalues, eigenfunctions, and radial concentration profiles are found for the dilute system.
Criteria are given as to when the homogeneous reaction may be neglected with respect to the
heterogeneous reaction and vice versa. It is found that for a certain range of the rate parameters
well-known limiting solutions apply. Outside this range, the new solutions must be used.

The interaction of simultaneous, first-order homogeneous
and beterogeneous chemical reactions in an isothermal
tubular reactor under fully developed laminar flow condi-
tions is studied. The irreversible reaction

A — products (1)

is considered at steady state conditions.

A limiting case of this problem, namely, no homoge-
neous reaction and infinite heterogeneous reaction rate, is
the classical Graetz problem for which accurate values of
the eigenvalues and vectors were obtained numerically by
Brown (1) and asymptotically by Sellars et al. (2).

Lauwerier (3) considered a finite, first-order homoge-
neous reaction, but no heterogeneous reaction. An asymp-
totic solution for the large eigenvalues which was inde-
pendent of the reaction rate constant was deduced. Re-
cently, Hsu (4) solved the same problem by numerical
integration for one value of the homogeneous rate con-
stant, Cleland and Withelm (5) also considered the case
of no heterogeneous reaction with a finite-difference
method and supported their theoretical profiles with ex-
perimental data. Katz (6) considered heterogeneous reac-
tion alone from an integral equation viewpoint.

Work on combined first-order heterogeneous and homo-
geneous reactions has been reported by Walker (7), who
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considered both radial and axial diffusion but reported
only the first eigenvalue and considered the concentration
profiles from an asymptotic viewpoint. Deviations from
the one-dimensional case were of prime consideration.
Krongelb and Strandberg (8) used finite-difference meth-
ods to investigate a second-order homogeneous reaction
with first-order heterogeneous kinetics.

It is desired to obtain radial concentration profiles and
to deduce under what conditions the homogeneous reac-
tion may be neglected in favor of the heterogeneous reac-
tion and vice versa. In this way combined reaction phe-
nomena may be described in terms of one controﬁing
rate parameter.

ANALYSIS

The dimensionless form of the continuity equation for a
dilute component is

d 92 10
(1—g?) == o+ — ——Ke 2)
x dy>2  y oy
with boundary conditions
dc
P y (3a)
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c=1 x=0 (3b)
Z—;--}-fo=0 y=1 (3¢)

where the dimensionless homogeneous rate group K and
the heterogeneous rate group f are defined by

K'R?

= 4

k=% @
RK”

2 5

== (8)

In formulating Equations (2) and (3) it has been as-
sumed that axial diffusion may be neglected, that fluid
properties are constant, and that the solution is dilute so
that the Poiseuille velocity distribution is not disturbed.

Equation (2) may be analyzed through a separation
of variables approach leading to a solution

o

2
c= > And™(y) e™™" (6)
where any ™ satisfies the ordinary differential equation
d@p 1 dy
— = —— K+ N (1—1P)y=0 7
Ty g e e (7)

Equation (7) is of the Sturm-Liouville form, and the X
are an infinite set of real, positive eigenvalues. The solu-
tion functions y(y) are the eigenfunctions corresponding
to the A and through Equations (3) are subject to

dip

=0

dy

& + 0
dy Fo
Before Equation (7) is solved, a few general conclusions
concerning the behavior of A with variation in the param-
eters K and f can be made from the theory of eigenvalue
equations. First, consider f. If f is increased monoton-
ically from zero to infinity, each eigenvalue will increase
monotonically from its value for f = 0 to its value for f
= 0. Furthermore, the difference A,+; — A, will be in-
dependent of f for sufficiently large n. The behavior with
K is similar in that each X must increase monotonically
with monotonically increasing K.

Equation (7) is solved by the Galerkin method (9,
10). The eigenfunctions are expanded in a complete set of
trial functions ¢; That is to say

y=0 (8)

y=1 (9)

N N
y= D Ridi(y) = 3 Ricosai y (10)
i=1 i=1

where ¢; = cos wiy and the R; are constants.

The functions ¢; are a complete set for N — 0. There-
fore Equation (10) is exact for N — o. However in
practice a finite expansion must be taken. The convergence
of t}}s method is tested by comparing results for succes-
sive N.

If Equation (10) is substituted into Equation (7 )there
results

< ¢ 1 d
Sty G —

i=1
(11)

where ¢(y) is the error. By specifying that the error ¢(y)
is to be orthogonal to the expansion functions ¢;(y) on
the region of integration y dy over the interval [0, 1], a
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set of N equations is obtained; that is

Sop [UEB LI 2
igR‘»’;{dyz +y dy K¢ +22(1 y)qx}quydy
1
=,£ «(y) ¢i(y) ydy=0 (12)

j=1,...N

The trial functions ¢; will satisfy the boundary condi-
tion Equation (9) if w; is a root of the transcendental
Equation (13)

w; = f cot o; (13)

The boundary condition Equation (8) is identically satis-
fied.

Equation (12) will possess a nontrivial solution if the
secular condition

| [A]+M[B]|=0 (14)

is satisfied. [A] and [B] are matrices whose respective
elements ay and B;; are given by

L(d¥ 1 dg;

;= J; {Ey—2'+—y— '@_K‘f’z}(ﬁi ydy (15)
i=1...
j=1...N

1
Bij = J;dh‘(ﬁj(l—yz) ydy (16)
i=1,...N
ji=1...N

The secular equation yields N values of the eigenvalue
A denoted by \y, each having an associated set of eigen-
vectors R; denoted by R™ where n = 1, ... N. The
form of Equation (14) may be simplified to the form

[[A]+22[I]]|=0 (17)
where [I] is the unity array, through use of the Gramm~

Schmidt orthonormalization procedure (9).
Assume

N
v= 3 RMi(y) (18)

where the new expansion functions (linear combination
of the old) are given by

Mi(y) = ﬁ;sﬁd,,-(y) i=1,...N (19)
i=1

and the S; are the Gramm-Schmidt orthonormalization
coefficients chosen so that

1
J; MiM; (1—42) ydy = 8 (20)
where $;; is the Kronecker delta.

The Galerkin equations for the modified trial functions
[Equation (18)] which are equivalent to Equation (12)

are
1
d o
M;

1

j=>1

>
i=1

dz2 ldM{ 2 2
dy2 +? -J!;-—'KMV‘*')\ (l_y)Mi}Mfydy=0
j=1...N

(21)
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where the error is orthogonal to M;(y).
With the use of Equation (19) and the orthonormaliza-
tion condition, the secular equation is

| [STTIATLST + 2] =0 (22)

where [Z] = [S]1T[A][S], and [S] is the matrix of the
S; and [S]7 is its transpose. The matrix [S] is upper tri-

angular, The eigenvectors of Equation (22), ﬁ(”), are
related to the R™ by

[R] = [S][R] (23)

where [R], [Ti] are the matrices whose columns are the

eigenvectors R, ﬁ“". The R; are more convenient to
use. It should be noted that the eigenvectors and thus
the eigenfunctions are not independent. There is one de-
gree of freedom which is removed by setting ¢ = 1.0 at
y = 0, that is, normalization at the center line of the
reactor.

The coefficients in Equation (8) are found by applying
Equation (3b)

1
fo Yny(l—y?) dy

An=— (24)
J:, Un?y(l—y?) dy

with the condition that the i, form an orthogonal set
with weight y(1 — %2) over the interval [0, 1].
The bulk or cup mixing concentration of A is denoted

by ca, where

A J;Zﬂ J;R V. (r) ca(r, z) rdrdf
ca= (25)

§7 g7 Vi) rdvas

In dimensionless terms, and after simplification

N 1
8ea X e [ pyi—yidy  (20)
n=1

Computations were carried out in double precision form
on an IBM-7094 digital computer. Fifty-five cases were
analyzed. These were combinations of the homogeneous
parameter K = 0, 0.001, 0.01, 0.1, 1.0, 10.0, 100.0, with
the heterogeneous parameter f = 0, 0.001, 0.01, 0.1, 1.0,
10, 100, . The Schmidt orthonormalization coefficients
were caleulated by programmed methods as a first step
in the analysis. Exact analytical expressions were derived
for the integrals arising in the orthonormalization and all
subsequent steps in the solution. These expressions were
evaluated for (}i)iﬁerent values of the parameters w;, f, K,
on the IBM-7094. It is to be emphasized that no numeri-
cal integrations were carried out.

Only a few solutions of the transcendental Equation
(13) are available in the literature (11, 12). The first
twenty roots of this equation for the above values of f
were computed by the Newton-Raphson method. The
eigenvalues and eigenvectors for the secular equation were
determined by means of a noniterative method for sym-
metric matrices due to Householder, Ortega and Wilkin-
son (13). The matrix in question is symmetric because
the operator L

1d d

T= e v— y —
y dy”dy
is self-adjoint subject to the boundary conditions given by
Equations (8) and (9).

(27)
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Sixteen term expansions were used in the solutions of
the differential equation. The results of this trial were
checked against those for a nineteen term expansion. In
all cases of combined f and K at least six eigenvalues
were found with uncertainty in only the sixth significant
figure. The first five eigentunctions can be reported to
five significant figures for the first two and thence to four
significant figures. The expansion coefficients are computed
from the values of the eigenfunctions, and thence con-
centration profiles and bulk concentration values are found.

DISCUSSION

Eigenvalues for several cases are given in Table 1.* As
noted above the eigenvalues increase monotonically with
increasing homogeneous and heterogeneous reaction rate
groups. The eigenvalues, eigenfunctions, and concentra-
tion profiles agree well with the results of Brown (1)
and Hsu (4) for the cases K = 0, f = o, and K = 10,
f = 0, respectively.

Consider the effect on the eigenvalues of varying the
homogeneous rate group K while holding the heteroge-
neous rate group f constant. For no heterogeneous reac-
tion Lauwerier (3) noted that the value of the homoge-
neous rate group influenced the lower eigenvalues but had
negligible effect on the higher eigenvalues. It can be
seen from Table 1 that an analogous statement can be
made for f # 0. Varying K at fixed f influences all the
eigenvalues for K > 1, while the changes occur primarily
in the first eigenvalue for K = 1. The effect of varying K
on the first eigenvalue is the greatest at small values of .

Consider now the effect of varying f at fixed K. For
large K with f = 1, the effect of varying f is felt to a slight
extent and in fact for K = 10, the influence of f (and thus
the heterogeneous reaction) is negligible. For K = 1 and
f =1, a change in f changes only the first eigenvalue,
and all other eigenvalues can be approximated by ignoring

® Tabular material has been deposited as document No, 9311 with
the American Documentation Institute, Photoduplication Service, Library
of Congress, Washington, 25, D. C,, and may be obtained for $1.25
for photoprints or 35-mm. microfilm.
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Fig. 1. First four eigenfunctions for K = 1.0,
f=1.0.
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the heterogeneous reaction. The major changes in the
value of the eigenvalues occurs for changes in f between
f = 1.0 and f = 10.0 for fixed K. It can also be stated
that for f = 10.0, the eigenvalues can be approximated by
those found with an infinite wall reaction rate group.

The first eigenfunctions for K = 1.0 and several val-
ues of f are given in Table 2.* The first four eigenfunctions
for K = 1.0 and f = 1.0 are given in Figure 1. The eigen-
functions for the case of any given K #% 0 and 0 < f <
0.1 may be approximated by those for f = 0; that is,
the heterogeneous reaction has a negligible effect on the
eigenfunctions. Clear trends in the eigenfunctions are dis-
cernable since for a fixed homogeneous rate the eigen-
functions will be nonzero at the wall for a finite heteroge-
neous rate but are fixed at zero for an infinite wall rate.
Thus the eigenfunctions change rapidly in the wall region
as the heterogeneous rate increases.

Concentration profiles are determined for a dimension-
less position x = 0.1. The profiles are all symmetric and
have their maximum at the center line as is to be expected.
Three selected sets of radial concentration profiles are
given in Figures 2, 3, and 4. From Figure 2, and in gen-
eral for low homogeneous reaction rates (K = 1), three
distinct regions in the figure are noted. The concentration
profiles for f = 0.1, 0.01, 0.001 are within 5% of that of
f = 0, while the concentration profiles for f = 10, 100
are close to that of infinite heterogeneous reaction. The
region for 0.1 < f < 10, that is, centered about f = 1,
is a region where the profiles depend critically on the
heterogeneous rate. From Figure 3 it is seen that as the
value of the homogeneous rate group increases, the ef-
fect of the héterogeneous reaction is lost and concentra-
tion values for different f and the same K begin to co-
incide. The heterogeneous reaction may then be neglected.

By examining the profiles for fixed f and varying K in
Figure 4, it is seen that the curves for K = 0.1 coincide
almost identically with the case of no homogeneous reac-
tion. The concentration profiles differ greatly for differ-

% See footnote on page 547,
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Fig. 2. Radial concentration profiles ot x =
0.1 for K = 1.0 with varying .
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Fig. 3. Radial concentration profiles at x =
0.1 for K = 10.0 with varying f.

ent values of the homogeneous rate group in the region
between K = 1.0 to K = 10.0, a much greater difference
than, in say, the region K = 0.1 to K = 1. For large
values of the homogeneous rate group, complete conver-
sion occurs,

The cup mixing concentrations at dimensionless position
x = 0.1 as a function of K with f as a parameter are
given in Figure 5. The bulk concentration changes by
259% for a given fixed K = 1.0 and a change in f from
f = 0.1tof = 1.0. The corresponding change in the bulk
concentration for a change in the heterogeneous reaction
group from f = 1.0 to f = 10.0 is about 40%. Changes
outside this range are negligible in comparison. In Figure
6 bulk concentrations for x = 0.1 as a function f with K
as a parameter are given. A change in the homogeneous

09
‘\‘\\
L0001
08 NN
™~ o\
o7 N
K=1.0 X\
N
06 \
05 \
[
04
03
T 10
02
™~
al N
'\\—
100
o —

O Ol 02 03 04 05 06 07 08 09 10
y

Fig. 4. Radial concentration profiles at x =
0.1 for f = 1.0 with varying K.
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Fig. 5. Bulk concentration dependence on

homogeneous rate with heterogeneous rate as
a parameter at x = 0.1.

rate group from K = 0.1to K = 1.0, for a fixed hetero-
geneous rate group, causes a change in the bulk concen-
tration of 12 to 15%. For a change from K = 1.0 to K
= 10.0, the bulk concentration changes by 70 to 80%.
Although no experimental data are available to test the
results, the range of rate parameters covers all possible
situations. For gas phase reactions the values of the di-
mensionless rate constants will be approximately f, K =
0.1, while for liquid phase reactions the values will be
much higher owing to the lower diffusivities. In fact,
quite often the limiting correlations will apply in this

determined. Under conditions of a different diffusivity,
due to varying the diluent or pressure, the bulk concen-
tration is remeasured. In order to maintain the same value
of the parameter «, the flow rate must be proportionately
varied. Reference to Figures 5 and 6 will yield the values
of the rate parameters, since changes in the diffusivity
produce changes in the bulk concentration dependent on
the relative magnitude of the homogeneous and heteroge-
neous reactions.

CONCLUSIONS

The effect of the heterogeneous reaction on the radial
concentration profiles is negligible for low heterogeneous
rates, that is, f = 0.1 and for large homogeneous rates,
that is K > 10. Thus the value of the heterogeneous group
parameter f can be taken as f = 0 and the limiting solu-
tions applied; that is, the homogeneous reaction is the
controlling factor. The effect of the homogeneous reaction
is to cause percentage changes in the concentration of
less than 3% if K < 0.1. In this case the heterogeneous
reaction rate is controlling. For this range a valid approxi-
mation for f = 10 is to treat the case as that of infinite
wall reaction.

Extremely erroneous results would arise if any limiting
case approximations were applied to the cases where both
heterogeneous and homogeneous rate groups lie in the
range 0.1 < f < 10, 0.1 < K < 10. In this region indi-
vidual concentration profiles must be computed as indi-
cated in this paper. A change in the homogeneous and/or
heterogeneous rate have the maximum effect when the
rate group changes in the range f,K = 1.0 to f,K = 10.
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phase. NOTATION
In order to determine the values of K and f for any A = g entrati . Ficient
given gaseous reacting mixture and reactor, the effluent = n tc9nufen -r.a lon expansion coeHicie
bulk concentration for a system should be experimentally [~] = matrix of a;j
[A] = matrix as defined by Equation (22)
[B] = matrix of 8;;
19 oo o] ¢ = ca/co = concentration of component A, dimen-
k=04 T T sionless
09 Jl ca = molar concentration of A
K10 \ ¢, = inlet molar concentration of A
os A A 3 3 »
c = ¢4/¢, = bulk concentration, dimensionless
o7 t/:\A = bulk molar concentration of A .
\ D = diffusivity
os f = dimensionless heterogeneous rate parameter as
¢ AN defined by Equation (5)
oS A [I1 = identity matrix
(| K = dimensionless homogeneous rate parameter as de-
04 = fined by Equation (4)
K’ = homogeneous rate constant
03 K” = heterogeneous rate constant
L = operator as defined by Equation (27)
oz =10 M; = ith modified trial function
I~ N = number of terms in series expansion
o 7 = radial coordinate
R = tuberadius
% o1 o or ra 10 W06 R™ = nth eigenvector in eigenfunction expansion
f ~
Fig. 6. Bulk concentration dependence on R™ = n™ eigenvector in modified eigenfunction ex-
ith homogeneous rate as ansion
st e i ey N
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Ri = it element of R™

[R] = matrix of R™®

[ﬁ] = matrix of R™

Si =, it" element of [S]

[S] = Gramm-Schmidt orthonormalization matrix
V. = axial velocity

V = maximum velocity in Poiseuille profile
x = Dz/VR? = axial coordinate, dimensionless
y = r/R = radial coordinate, dimensionless
z = axial coordinate

Greek Letters

aij = i, j" element of [A]

Bij =i, j*® element of [B]

835 = Kronecker delta

€ = error

Ay = n't eigenvalue

¢i = ith trial function

¥n = nth eigenfunction

oy = i™ solution of Equation (13)
Superscript

T = transpose

LITERATURE CITED

1. Brown, G. M., ALCh.E. I, 6, 179 (1960).

2. Sellars, J. R., Myron Tribus, and J. S. Klein, Trans. Am.
Soc. Mech. Engrs., 78, 441 (1956).

. Lauwerier, H. A., Appl. Sci. Res., A8, 366 (1959).

Hsu, C. ], A.LCh.E. ], 11, 939 (1965).

. Cleland, F. A., and BR. H. Wilhelm, ibid., 2, 489 (1956).

Katz, S., Chem. Eng. Sci., 10, 202 (1959).

. Walker, R., Phys. Fluids, 4, 1211 (1961).

. Krongelb, S., and M W. P. Strandberg, J. Chem. Phys.,
31, 1196 (1959). '

. Kantorovich, L. V., and V. L. Krylov, “Approximate Meth-
ods of Higher Analysis,” P. Noordhoff, Groningen, Nether-
lands (1964).

10. Duncan, W. ]., Aeronaut. Res. Comm. Rept. Memo. No.
1798 (Aug. 3, 1937); Tech. Rept. Aeronaut. Res. Comm., 1,
484-516 (1937).

11. Carslaw, H. S., and J. C. Jaeger, “The Conduction of Heat
in Solids,” p. 491, Oxford Univ. Press, London (1959).

12. Newman, A. B, and L. Green, Trans. Electrochem. Soc.,
66, 355 (1934).

13. Digital Computer Lab., Univ. Illinois, Urbana, Library
Subroutine F2-UOI-EIGI-29-FR (1962).

001D Utk

©

Manuscript received May 16, 1966; revision received October 3, 1966;
paper accepted October 4, 1966.

External Flows of Viscoelastic Materials:

Fluid Property Restrictions on the Use of

Velocity-Sensitive Probes

A. B. METZNER and GIANNI ASTARITA

University of Delaware, Newark, Delaware

The more pronounced macroscopic features of flows of viscoelastic materials around sub-
merged objects are considered in the light of restrictions imposed on the flow by the Deborah
number, a dimensionless group representing a ratio of time scales of the fluid and the flow
process. It is seen that one major effect is to thicken the boundary layer appreciably in the
region of the leading edge or stagnation point of the object in the fluid; depending on the
shape of the object this thickening of the boundary layer may be felt for appreciable distances
into the velocity field.

The influence of these and other effects on the use of probes for determination of point
values of the velocity of viscoelastic fluids is considered in some detail. The general effect is
to impose strong restrictions on the use of such probes and on the interpretation of measurements
made with them. These predicted limitations are supported, in a general way, by recent experi-
mental measurements; thus the present macroscopic analysis appears to define several major
effects to be considered in subsequent, more detailed investigations.

Some general features of flows external to objects of
various geometries and of boundary-layer flows appear to
differ grossly between viscoelastic and Newtonian fluids;
the purpose of the present paper is to describe these fea-
tures macroscopically, for ordering purposes, and to make

Gianni_ Astarita is at the Istituto di Elettrochimica, University of
Naples, Naples, Italy.
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a start on the detailed analysis of the more important of
these.

While external flows may be broadly of interest in en-
gineering, the analysis presented is directed particularly
toward an understanding of flows around objects inserted
in the fluid to sense its %ocal velocity or pressure, such as
heated cones or wires, impact tubes, and small bubbles or
particles. It will be seen that the deformational behavior
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